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Lecture 1



Introduction

Scattering theory is the study of spectral properties of self-adjoint
operators with absolutely continuous spectrum.



The spectral theorem for a self-adjoint operator A on a Hilbert
space H has several different forms. The one I find most useful is
the spectral projection form. It says that there is a one-to-one
correspondence between self-adjoint operators and families of
projections E(σ) on H that are increasing,

For all σ < σ′,E(σ)E(σ′) = E(σ)⇐⇒ ran E(σ) ⊂ ran E(σ′),

and right continuous in the strong operator topology

s- lim
σ′↓σ

E(σ′) = E(σ)

with (strong) limits

s-limσ→−∞ E(σ) = 0, s-limσ→+∞ E(σ) = Id .



The correspondence is given by

E(σ) = 1(−∞,σ](A)

and

A =

∫ ∞
−∞

σdE(σ), dom(A) = {f ∈ H |
∫ ∞
−∞

σ2d
〈
f ,E(σ)f

〉
<∞}.

in the sense that〈
Af , f

〉
=

∫ ∞
−∞

σd
〈
E(σ)f , f

〉
∀ f ∈ dom(A)

The RHS makes sense since
〈
E(σ)f , f

〉
is non-decreasing, so

d
〈
E(σ)f , f

〉
is a measure, and by definition σ is in L2, hence L1, with

respect to this (finite) measure. We call dE(λ), somewhat
inprecisely, the spectral measure.



In these lectures we will consider only self-adjoint operators that are
perturbations of the Laplacian on Rn. Let us define

H0 = −
n∑

i=1

∂2

∂x2
i
.

This is either the Laplacian, or minus the Laplacian, depending on
your tradition.

Let V ∈ C∞c (Rn) be a real-valued, smooth, compactly supported
function. We interpret it as an ‘electric potential’. Acting as a
multiplication operator it is a bounded operator on L2(Rn). Our
perturbed operator will be

H = H0 + V .



Free Laplacian
Before we study the perturbed operator H, we need to understand
something about the unperturbed H0! We can write

H0 = F−1M|ξ|2F,

where F is the (unitary) Fourier transform, with Schwartz kernel

(2π)−n/2e−ix ·ξ.

That is, H0 is unitarily equivalent to a multiplication operator.
Let m be a real valued function on a measure space X . For the
multiplication operator Mm, on L2(X ), we have

E(σ) = M1m≤σ
,

that is, E(σ) is also a multiplication operator, by the characteristic
function of the set {m ≤ σ}. Then, formally, the spectral measure
dE(σ) is a ‘delta function’ supported on the set {m = σ}.



Let us see how this works with the Laplacian. Actually, for various
reasons it is often more convenient to take the square root of H0.
On the Fourier side this is just M|ξ|, which is obviously the square
root of M|ξ|2 . Conjugating by the Fourier transform, we get an
operator which is, by definition, the square root of H0:√

H0 = F−1M|ξ|F.

(This is a pseudodifferential operator of order 1 on Rn.) According
to the above, the spectral measure dE(λ) for M|ξ| is the
‘multiplication operator’ δ(|ξ| − λ). Clearly this is not a bounded
operator on L2(Rn)! On the other hand, with a little Sobolev theory
we can see that it can be viewed as an operator on functions in
H1(Rn) (in fact on Hs(Rn) for any s > 1/2) with values in H−1(Rn)
(in fact H−s(Rn) for any s > 1/2). This is because for s > 1/2,∫

|ξ|=λ
fg dω ≤ ‖f‖L2({|ξ|=λ})‖g‖L2({|ξ|=λ}) ≤ C‖f‖Hs(Rn)‖g‖Hs(Rn).



Conjugating by the Fourier transform, the space Hs(Rn
ξ ) becomes a

weighted L2 space, 〈x〉−sL2(Rn
x ). So we see that dE(λ) is not a

bounded linear operator on L2(Rn), but it does map a (good, i.e.
small) weighted L2 space to a (bad, i.e. large) weighted L2 space.

Conjugating by the Fourier transform gives us an integral
expression for the Schwartz kernel of the spectral measure dE(λ)
of
√

(H0):

(2π)−n
∫
|ξ|=λ

ei(x−y)·ξ dσ(ξ).

Here the measure we integrate against is the induced surface
measure on the sphere of radius λ. Acting on a function
f ∈ S(Rn) ⊂ 〈x〉−sL2(Rn) gives us

dE(λ)f (x) = (2π)−n
∫
|ξ|=λ

∫
Rn

y

ei(x−y)·ξf (y) dy dσ(ξ)

= (2π)−n/2
∫
|ξ|=λ

eix ·ξ f̂ (ξ) dσ(ξ). (1)



Write ω = ξ/|ξ|, θ = x/|x |, r = |x |. We can write this integral

(2π)−n/2λn−1
∫

Sn−1
eiλrω·θ f̂ (λω) dω.

It is of interest to see the behaviour of this function as r →∞, as it
is the large r behaviour that causes this function to (potentially) not
be in L2. The stationary phase lemma applies to this integral. Fix
θ. Then as r →∞, the phase λrω · θ is rapidly oscillating, leading to
massive cancellation in the integral, unless the phase is stationary
in ω, that is, unless

dωω · θ = 0⇐⇒ ω = ±θ.

At these points, the Hessian d2
ω(ω · θ) is nondegenerate, leading to

an asymptotic expansion

dE(λ)f (r , θ) ∼ (2π)−1/2λ(n−1)/2r−(n−1)/2
(

eiλr e−iπ(n−1)/4 f̂ (λθ)

+ e−iλr eiπ(n−1)/4 f̂ (−λθ)
)

+ O(r−(n+1)/2). (2)



Notice that the error term is in L2 and the main term is in 〈x〉sL2 for
all s > 1/2 but not for s = 1/2, unless f̂ vanishes on the sphere
{|ξ| = λ}, in agreement with previous considerations.

We can also get a handle on the spectral measure via Stone’s
formula. This tells us that, in a distributional sense in λ, we have

dEA(λ) =
1

2πi
lim
ε↓0

(
(A− (λ+ iε))−1 − (A− (λ− iε))−1

)
.

Here A = H0. However, we want the spectral measure for
√

H0.
Fortunately it’s not hard to relate this to the spectral measure for H0:

E√H0
(λ) = EH0(λ2) =⇒ dE√H0

(λ) = 2λ(dEH0)(λ2).

=
λ

πi
lim
ε↓0

(
(H0 − (λ+ iε)2)−1 − (H0 − (λ− iε)2)−1

)
.

Although only a priori true distributionally, this equation is true
pointwise in λ if all operators are viewed as acting on 〈x〉sL2.



The function (H0 − (λ± iε)2)−1f , for f ∈ S(Rn), is given by the
integral

(2π)−n/2
∫
Rn

eix ·ξ f̂ (ξ)

|ξ|2 − (λ± iε)2 dξ. (3)

Here, instead of a delta function singularity at {|ξ| = λ}, we have a
function that is smooth for ε > 0 but blows up as ε→ 0 at the same
locus. To evaluate this, we write

f (ξ) = f (λω)φ(|ξ|) + g(ξ),

where φ(|ξ|) is equal to 1 in a neighbourhood of |ξ| = λ and
vanishes outside a slightly smaller neighbourhood. It follows that
g ∈ S(Rn) and vanishes at {|ξ| = λ}. It is easy to see that the
contribution to the integral (3) of the g term is a Schwartz function
of x (since g(|ξ|2 − λ2)−1 ∈ S(Rn)).

So, up to Schwartz errors, we can replace f by f (λω)φ(|ξ|).



We now write ξ = ρω, ρ = |ξ|, and write the resulting integral (taking
the + sign for definiteness)

(2π)−n/2
∫
Rn

eiρrω·θφ(ρ)
f̂ (λω)

ρ2 − (λ+ iε)2 ρ
n−1 dρdω. (4)

Using a partition of unity we split the ω integral into three regions:

• Region 1, where ω · θ is close to −1,
• Region 2, where ω · θ is close to 1, and
• Region 3, where ω · θ is a positive distance from ±1.

In Region 3, the phase function is nonstationary in ω. This leads, by
the ‘nonstationary phase lemma’, to an integral that is O(r−∞), in
fact Schwartz.



In Region 2, where ω · θ is close to −1, we can use the analyticity of
the integral in ρ, for ρ in a neighbourhood of λ, to shift the contour in
the complex direction to avoid the pole in (ρ2 − (λ+ iε)2)−1, that is,
just below the real axis.

The key point here is that the exponential factor will be uniformly
bounded when we do this, since (wlog) ω · θ < 0 in this region.
Repeated integration by parts in ρ shows that, in this second
region, the result is also O(r−∞). The details are left to you.



In Region 1, where ω · θ is close to +1, we can do a similar
calculation, but we have to shift the contour to just above the real
axis. In doing so, we cross the pole at ρ = λ. This pole, followed by
stationary phase in the ω variables, gives a contribution similar to
that of the spectral measure. We find that

(H0 − (λ+ i0)2)−1f ∼

i
(π

2
)1/2

λ(n−3)/2r−(n−1)/2e−iλr eiπ(n−1)/4 f̂ (λθ) + O(r−(n+1)/2). (5)

A similar calculation for the − sign gives

(H0 − (λ− i0)2)−1f ∼

− i
(π

2
)1/2

λ(n−3)/2r−(n−1)/2e−iλr eiπ(n−1)/4 f̂ (−λθ) + O(r−(n+1)/2).

(6)



The range of the operator dE(λ) consists of ‘eigenfunctions’ of H0
of eigenvalue λ2, that is, functions u satisfying H0u = λ2u, but u not
in the Hilbert space L2, but rather 〈x〉sL2. We call these
generalized eigenfunctions.

The key feature of generalized eigenfunctions u of the form dE(λ)f ,
f ∈ S(Rn), as in (2), is that to leading order at infinity, they consist of
two terms, decaying as r−(n−1)/2 and oscillating radially, that is, with
a factor e±iλr , multiplied by a smooth function of θ.

We call the e+iλr term the ‘outgoing wave’, and the e−iλr term the
‘incoming wave’, and the leading amplitude of these oscillations,
which are smooth functions on Sn−1, are referred to as the
incoming/outgoing data or incoming/outgoing radiation
patterns.

We see from (1) that for the operator H0, the incoming data and
outgoing data are essentially the same, related by e−iπ(n−1)/2 and
composition with the antipodal map.



Why are these called incoming and outgoing waves? This
terminology arises from a time-dependent view of scattering theory.
Any eigenfunction of H0 with eigenvalue λ2 gives rise to a solution
of the wave equation by multiplication by e−iλt , or a solution to the
time-dependent Schrödinger equation by multiplication by e−iλ2t .
Multiplying (2) by e−iλt gives us

λ(n−1)/2r−(n−1)/2
(

eiλ(r−t)eiπ(n−1)/4 f̂ (λθ)

+ e−iλ(r+t)e−iπ(n−1)/4 f̂ (−λθ)
)

+ O(r−(n+1)/2). (7)

The incoming/outgoing oscillatory factors e±iλr turn into
incoming/outgoing spherical waves, e±iλ(r±t).

For that reason, we call the two limiting resolvent operators,
(H0 − (λ± i0)2)−1, for λ > 0, the outgoing (+) and incoming (−)
resolvents, respectively.



The spectral measure dE(λ) applied to f ∈ S(Rn) only depends on f̂
restricted to the sphere of radius λ. As such, it induces a map from
C∞(Sn−1

ω ) to 〈x〉sL2(Rn
x ) with range consisting of eigenfunctions.

This map is called the Poisson operator P0(λ), as it is analogous to
the classical Poisson kernel mapping functions on the circle to
harmonic functions in the unit disc with the given boundary values.
We normalize it so that for g ∈ C∞(Sn−1), P0(λ)g is that
generalized eigenfunction with incoming data g. We see from (2)
that the Schwartz kernel of the Poisson operator
P0(λ) : C∞(Sn−1)→ 〈x〉sL2(Rn) is

(2π)−(n−1)/2λ(n−1)/2e−i(n−1)π/4e−iλx ·ω.



Notice that (if we formally regard P(λ) as acting on L2(Sn−1)) the
adjoint of P(λ) will be a map 〈x〉−sL2(Rn

y )→ L2(Sn−1) with kernel
cnλ

(n−1)/2e−iλy ·ω, which can be interpreted as the Fourier transform
followed by restriction to the sphere of radius λ. It follows that

dE(λ) = (2π)−1P(λ)P(λ)∗,

which proves to be an extremely useful formula for proving operator
norm bounds on dE(λ).
It turns out that the range of P(λ) acting on distributions on Sn−1

consists of all tempered eigenfunctions of H0 of eigenvalue λ2, that
is, functions u of at most polynomial growth satisfying
(H0 − λ2)u = 0.



Potential scattering

Now we consider the operator H = H0 + V , where V ∈ C∞c (Rn) is
real valued. We ask the following questions:

• Does H have absolutely continuous spectrum? Is there any point
spectrum or singular continuous spectrum?

It will turn out that the spectrum of H is absolutely continuous on
[0,∞). The operator H may have point spectrum but this will be on
the negative half-line, so there is a neat split between the point
spectrum and the continuous spectrum. Moreover, in some cases,
e.g. V ≥ 0, the point spectrum is absent.



• What form does the spectral measure take? What does the
range of the spectral measure look like?

• Can we parametrize the eigenfunctions with eigenvalue λ2 in a
similar way to H0?

• Can we make inverse scattering statements, i.e. what spectral or
scattering properties of H = H0 + V determine the potential V?
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We will start by looking for the boundary values of the resolvent of
HV on the positive real axis. This will allow us to find the spectral
measure via Stone’s formula.
We can write, initially for Imλ2 6= 0,

H0 + V − λ2 =
(

Id +V (H0 − λ2)−1
)

(H0 − λ2).

Inverting, we find that (at least formally)

(H0 + V − λ2)−1 = (H0 − λ2)−1
(

Id +V (H0 − λ2)−1
)−1

. (8)

This is provided that the inverse of Id +V (H0 − λ2)−1 exists. But a
little thought shows that this always exists for Imλ2 6= 0. Indeed,
V (H0 − λ2)−1 is a compact operator on L2, so Id +V (H0 − λ2)−1 is
invertible if and only if it has trivial null space. But if f 6= 0 is in the
null space of Id +V (H0 − λ2)−1, then g = (H0 − λ2)−1f is in L2 and
is an eigenfunction of H0 + V with eigenvalue λ2, impossible since
λ2 is not real.



Next consider what happens when the spectral parameter
approaches a positive real number λ from above or below, that is,
consider the spectral parameter λ± iε, ε ↓ 0.

We have seen that the limit (H0 − (λ± i0)2)−1 exists as a map
〈x〉−sL2 → 〈x〉sL2, s > 1/2. So we can make sense of the limit of
(8) if we can show that(

Id +V (H0 − (λ± i0)2)−1
)−1

exists as a map 〈x〉−sL2 → 〈x〉−sL2 for s > 1/2. Again by the
Fredholm alternative it is enough to show that
Id +V (H0 − (λ± i0)2)−1 has trivial null space for λ > 0. This is
equivalent to show that there is no solution f to (HV − λ2)f = 0,
f ∈ 〈x〉sL2, with f outgoing at infinity.



This can be done in several stages. The first stage is to show that if
(HV − λ2)f = 0, f ∈ 〈x〉sL2, with f outgoing at infinity, then actually f
is Schwartz. This will follow from the pairing formula that will be
presented shortly.

The second step is to show that f is compactly supported, which
can be done using properties of Bessel functions and is left for you
in the exercises. In the final step, one applies a unique continuation
theorem for elliptic equations. I will leave the details for you to sort
out in the tutorial exercises.



This shows that the limits of the resolvent (HV − (λ± i0)2)−1 exist
for all λ > 0, and are given by

(HV −(λ± i0)2)−1 = (H0−(λ± i0)2)−1
(

Id +V (H0−(λ± i0)2)−1
)−1

.

(9)
Using these boundary values of the resolvent, we obtain the
spectral measure dEV (λ) via Stone’s formula. As with the free case
V ≡ 0, it maps 〈x〉−sL2 → 〈x〉sH2 for all s > 1/2.

What is the form of the spectral measure acting on a Schwartz
function f?



A little thought shows that the factor on the right of (9) maps S(Rn)
to S(Rn). In fact, if f is a Schwartz function, then let

g± =
(

Id +V (H0 − (λ± i0)2)−1
)−1

f ,

that is,
f = g± + V (H0 − (λ± i0)2)−1g±.

We can show by induction on m that g± ∈ 〈x〉−K H2m(Rn) for any K
and any m (left for you as an exercise). As a result, g± is Schwartz,
and this shows that

dEV (λ)f = (H0 − (λ+ i0)2)−1g+ − (H0 − (λ− i0)2)−1g−

for some g± ∈ S(Rn).



Consequently, for f ∈ S(Rn), dEV (f ) has asymptotics

r−(n−1)/2
(

eiλr e−iπ(n−1)/4v+(θ) + e−iλr eiπ(n−1)/4v−(−θ)
)

+ O(r−(n+1)/2) (10)

for two smooth functions v± on the ‘sphere at infinity’.

Proposition
For each v± ∈ C∞(Sn−1), there is a unique eigenfunction of HV
with eigenvalue λ2 having the asymptotic expansion (10) (where v∓
is uniquely determined by v±).



Existence. Given v−, we can develop a formal expansion

u ∼ r−(n−1)/2e−iλr ei(n−1)π/4
∞∑

j=0

r−jvj(θ) (11)

satisfying (HV − λ2)u ∈ S(Rn), satisfying v0 = v−. We expand the
Laplacian in polar coordinates near infinity (here V plays no role as
it is compactly supported):

HV − λ2 = −∂2
r −

n − 1
r

∂r + r−2∆θ − λ2.

We apply this to the formal expansion (11), set equal to zero, and
collect powers of r . This gives us the following recursive formulae
for the vj (exercise):

vk =
(

∆Sn−1 +
(n − 1)(n − 3)

4
− (k − 1)2

)
vk−1, k ≥ 1. (12)



Conversely, if the vk satisfy (12), with v0 = v−, then the formal
expansion (11) solves the eigenfunction equation modulo a
Schwartz error. Choose the vk recursively in this way and then
choose u with the formal expansion (11) (this requires a ‘Borel
summation’ of this expansion). Then

u − (HV − (λ+ i0)2)−1
(

(HV − λ2)u
)

is an eigenfunction of HV with incoming data v−, proving existence.
(As a test of your understanding, make sure you can explain why
u 6= 0 if v− 6= 0.)



Uniqueness. This follows from the following pairing formula:
Suppose that u(1) and u(2) are smooth functions on Rn, both with
asymptotic expansions at infinity of the form

r−(n−1)/2
(

eiλr
∞∑

j=0

r−jv (m)
j,+ (θ) + e−iλr

∞∑
j=0

r−jv (m)
j,− (θ)

)
, m = 1,2.

Then (HV − λ2)u(m) = O(r−(n+3)/2), m = 1,2, and∫
Rn

(
(HV − λ2)u(1))u(2) − u(1)((HV − λ2)u(2)

)
= −2iλ

∫
Sn−1

(
v (1)

0,+v (2)
0,+ − v (1)

0,−v (2)
0,−

)
. (13)



We can apply this in particular to a generalized eigenfunction u of
HV with eigenvalue λ2 > 0. Let u(1) = u(2) = u. Then we find that

‖v0,+‖2 = ‖v0,−‖2.

This means, in particular, that neither v0,+ nor v0,− can vanish. (If
they both vanish, then we have an L2 eigenfunction which is
impossible.) This in turn means that to a fixed v0,+ there can be at
most one v0,−, otherwise we could subtract the two corresponding
eigenfunctions to create one with outgoing data equal to 0.



This proposition gives rise to two important maps in scattering
theory.

Definition
Let v− ∈ C∞(Sn−1). The Poisson operator PV (λ) is the map that
sends the incoming data v− to the eigenfunction u in Proposition 4.
The absolute scattering matrix S̃V (λ) is the map that sends the
incoming data v− to the outgoing data v+. The (relative) scattering
matrix SV (λ) maps v−(θ) to ei(n−1)π/2v+(−θ), normalized so that
the scattering matrix for V = 0 is the identity.



There are rich relations between the resolvent kernel, spectral
measure, Poisson operator and scattering matrix. Time does not
permit us to explore all of these, but one is particularly important.

Proposition
Let λ > 0. The Poisson operator PV (λ) and the spectral measure
dEV (λ) for

√
(HV )+ are related by

dEV (λ) =
1

2π
PV (λ)PV (λ)∗.

Here PV (λ) is understood as a map L2(Sn−1)→ 〈x〉sL2(Rn), and its
adjoint as a map 〈x〉−sL2(Rn)→ L2(Sn−1).



To prove this, let u+ = RV (λ+ i0)f and u− = RV (λ− i0)f . Then
dEV (λ)f = λ(πi)−1(u+ − u−). What can we say about PV (λ)∗f?
To answer this choose an arbitrary φ ∈ C∞(Sn−1). Then by
definition 〈

PV (λ)∗f , φ
〉

Sn−1 =
〈
f ,PV (λ)φ

〉
Rn .

We know that PV (λ)φ has an expansion of the form (10) with
v− = φ. Now, taking into account (13), we see that〈

f ,PV (λ)φ
〉

=
〈
(HV − λ2)u−,PV (λ)φ

〉
= −2iλ

〈
ψ, φ

〉
Sn−1

where ψ is the incoming data of u−. So PV (λ)∗f = −2iλψ.
On the other hand, PV (λ)ψ is the unique generalized eigenfunction
with incoming data ψ, namely u+ − u− = (πi/λ)dEV (λ)f . This
shows that

PV (λ)PV (λ)∗f = 2πdEV (λ)f ,

completing the proof.



Distorted Fourier Transform

The identity just proved has a remarkable consequence. Let us
take any f ∈ Hac(HV ), the absolutely continuous spectral subspace.
This is equivalent to asking that f is orthogonal to all L2

eigenfunctions (corresponding to negative or zero eigenvalues).
The direct sum of all such eigenspaces is finite dimensional, so this
is only a finite number of conditions. If V ≥ 0 then there are no L2

eigenfunctions and the condition is vacuous.
Then

‖f‖22 =

∫ ∞
0

〈
dEV (λ)f , f

〉
=

1
2π

∫ ∞
0
‖PV (λ)∗f‖22 dλ.

Now write ξ = λξ̂, λ = |ξ|, and define FV : Rn
x → Rn

ξ by

FV f (ξ) = (2π)−1/2λ−(n−1)/2(PV (λ)∗f )(ξ̂).



Then we have

1
2π

∫ ∞
0
‖PV (λ)∗f‖22 dλ =

∫ ∞
0
|FV f (λξ)|2 λn−1dλd ξ̂

=

∫
Rn
|FV f (ξ)|2 dξ = ‖FV f‖22. (14)

That is, FV is a partial isometry with initial space Hac(HV ).
Moreover, the range is all of L2(Rn

ξ ); this follows from the surjectivity
of PV (λ)∗ from S(Rn) onto C∞(Sn−1) (that shows that the range is
dense, but the range is also closed as FV is an isometry).
We call FV the distorted Fourier transform associated to HV ,
because

HVF
∗
V = F∗V M|ξ|2 ;

this is just a restatement of the identity (HV − λ2)PV (λ) = 0.
Composing with FV we have

FV HVF
∗
V = M|ξ|2 =⇒ HV 1ac(HV ) = F∗V M|ξ|2FV .
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The scattering matrix
The scattering matrix is, in some sense, the central object in
scattering theory. It tells us the ‘far field’ effect of the perturbation V
— the outgoing radiation pattern in terms of the incoming r.p.

What form does the scattering matrix have for V ∈ C∞c (Rn)?
As we have seen, for each incoming radiation pattern there is a
unique outgoing radiation pattern, for generalized eigenfunctions u
of HV , that is, HV u = λ2u, of the form

u = dEV (λ)f , f ∈ S(Rn).

Conversely, for every outgoing radiation pattern there is a unique
incoming radiation pattern. (Indeed complex conjugation is an
involution exchanging the incoming and outgoing radiation
patterns.) So SV (λ) is invertible. Moreover, (13) shows that〈

SV (λ)φ,SV (λ)ψ
〉

=
〈
φ, ψ

〉
,

showing that SV (λ) is unitary, for real λ > 0.



Next we consider the Schwartz kernel of SV (λ). To do so we derive
an expression for the perturbed Poisson operator PV (λ).
Let φ ∈ C∞(Sn−1). Notice that both u = P0(λ)φ and v = PV (φ)
have incoming data φ, but (usually) different outgoing data. So we
can expect to write v = u + u′, where u′ is purely outgoing. We
require that

(H0 + V − λ2)u′ = −Vu ⇐⇒ u′ = −(H0 + V − (λ+ i0)2)−1(Vu)

= (H0 − (λ+ i0)2)−1
(

Id +V (H0 − (λ+ i0)2)−1
)−1

(VP0(λφ)).

(15)

We have shown

Proposition
The operator PV (λ) is given by

P0(λ)−(H0−(λ+i0)2)−1
(

Id +V (H0−(λ+i0)2)−1
)−1

(VP0(λ)). (16)



Notice that VP0(λ) has Schwartz kernel (2π)−n/2V (x)eiλx ·ω, in
particular smooth in both (x , ω), and compactly supported in x .

• Applying (Id +V (H0 − (λ+ i0)2)−1)−1 gives us a function that is
still smooth in (x , ω), and compactly supported in x .

• Then applying the outgoing resolvent (H0 − (λ+ i0)2)−1 gives us
an outgoing radiation pattern that is smooth in θ = x/|x | as well as
in ω.
That is,

PV (λ)(x , ω) = (2π)−(n−1)/2λ(n−1)/2e−i(n−1)π/4e−iλx ·ω

+ |x |−(n−1)/2eiλ|x |a(θ, ω) + O(|x |−(n+1)/2),

where a is smooth in both θ and ω.



We conclude from this that the scattering matrix takes the form

SV (λ)(θ, ω) = δω(θ) + a(−θ, ω) (17)
or in operator form SV (λ) = Id +A, (18)

that is, SV (λ) is a perturbation of the identity operator by an
operator A with smooth kernel. This has the consequences:
• A is compact; therefore, the spectrum of S(λ) (which we already
know to lie on the unit circle, as it is unitary) is discrete away from 1.
That is, it consists of eigenvalues of finite multiplicity, except
possibly at the point 1 on the unit circle.
• A is trace class. Therefore, the trace of SV (λ) is well-defined,
and the (Fredholm) determinant

sV (λ) = log det SV (λ)

is well-defined. It turns out that sV (λ) admits ‘Weyl’ asymptotics as
λ→∞ analogous to the eigenvalue counting function N(λ) for an
elliptic operator on a compact manifold.



An inverse result

A very similar argument to that leading to (16) gives a slightly
different expression for the Poisson operator:

Proposition
The operator PV (λ) is also given by

PV (λ) = P0(λ)− (H0 − (λ+ i0)2)−1(VPV (λ)). (19)

This is of interest since it can be iterated. We obtain

PV (λ) =
N−1∑
j=0

(−1)j(R0(λ)V
)jP0 + (−1)N(R0(λ)V

)NPV (20)

where R0(λ) = (H0 − (λ+ i0)2)−1.



This iteration has significance in the high energy limit, λ→∞. That
is because of the following result (exercise):

Proposition
The free outgoing resolvent R0(λ) has norm O(λ−1) as a map from
〈x〉−sL2 → 〈x〉sL2 for any s > 1/2.
(Try proving it for s = 1 using Fourier analysis. For variable
coefficient operators such estimates can be proved using positive
commutator estimates, a basic tool in microlocal analysis.)

We get a corresponding expansion for the scattering matrix SV (λ)
as λ→∞. The leading term in this expansion is

(SV (λ)− Id)(θ, ω) = lim
r→∞

r−(n−1)/2ei(n−1)π/2e−iλr

×
∫

R0(λ)(−rθ, x)V (x)eiλx ·ω dx . (21)



A calculation (exercise) shows that

lim
r→∞

r−(n−1)/2e−iλr R0(λ)(rθ, x) = (2π)−(n−1)/2 1
2i
λ(n−3)/2e−iλx ·θ,

giving us, in the high energy limit λ→∞,

(SV (λ)− Id)(θ, ω) = cnλ
n−2

∫
eiλx ·θV (x)e−iλx ·ω dx + l.o.t.s

= cnλ
n−2V̂ (λ(ω − θ)). (22)

We conclude that the high energy asymptotics of the scattering
matrix determines the Fourier transform of V , and therefore V itself.

• Observe that (22), together with Schur’s Lemma, shows that
‖SV (λ)− Id ‖L2→L2 = O(λ−1) as λ→∞, as one would expect from
the earlier discussion.



Resonances

We have seen that the resolvent (HV − λ2)−1, defined initially for
say Imλ < 0, extends to the real axis (for λ 6= 0) as a map from a
good weighted L2 space to a bad weighted L2 space. But much
more is true. We can observe that the free resolvent, (H0 − λ2)−1

has a meromorphic continuation through the real axis. For example,
for n = 3, the resolvent kernel is

1
4π

e−iλ|x−y |

|x − y |
.

For n ≥ 3 odd, the resolvent is an analytic function on the complex
plane, while in even dimensions, it continues to the logarithmic
cover. For simplicity I will assume that n is odd for the remainder of
these lectures.



From the identity

(HV − λ2)−1 = (H0 − λ2)−1
(

Id +V (H0 − λ2)−1
)−1

we can see that the resolvent of HV has a meromorphic
continuation to the complex plane. In fact, for Imλ ≤ C, C > 0, the
resolvent continues as a map from a good weighted L2 space to a
bad weighted L2 space, but here we have to use exponentially
weighted spaces, for example

e−M|x |L2(Rn)→ eM|x |L2(Rn), M > C.

Multiplication by V brings us back to the good weighted space.
Using the Rellich compactness lemma, V (H0 − λ2)−1 continues as
an analytic family of compact operators on e−M|x |L2(Rn).



We then appeal to the analytic Fredholm theorem:(
Id +V (H0 − λ2)−1

)−1
continues meromorphically as an operator

on e−M|x |L2(Rn). The same is therefore true of (HV − λ2)−1, as a
map e−M|x |L2(Rn)→ eM|x |L2(Rn).
We can study the poles of this analytic continuation, known as
resonances, as well as the residues of these poles. To each pole λ,
Imλ > 0, there is (at least one) resonant state u, which is the
analogue of an eigenfunction; in particular, it satisfies
(HV − λ2)u = 0, but u is not L2, in fact, it is exponentially growing at
infinity.
This discrete set of data associated with the potential V has been
intensively studied.



You might wonder whether the poles and resonant states have any
physical significance. In fact, they turn up in the long-time
expansion of the wave or Schrödinger equation for HV .

Proposition
Let n ≥ 3 be odd. Then for compactly supported smooth initial data
(u0, ∂tu0) a solution to the equation

∂2
t u + HV u = 0

has an asymptotic expansion on any fixed compact set K ⊂ Rn as
t → +∞, of the form

u ∼
∑

λ∈Res(V )

m(λ)∑
j=1

eitλt j−1wλ,j(x)

where Res(V ) is the set of resonances of HV in the upper half
space, m(λ) is the multiplicity of λ and wλ,j(x) are resonant states
associated to λ. In particular, u decays exponentially on K .



We have only scratched the surface of scattering theory, but we are
out of time. If we had more lectures, it would be natural to discuss
some of the following themes:

• More general perturbations; different geometries

• Semiclassical scattering and the importance of dynamics

• More on resonances

• A microlocal approach to scattering theory; the scattering
calculus

• Inverse scattering



Good general references for scattering theory include

• Reed and Simon, Methods of modern mathematical physics vol.
3, Scattering theory.
• Lax and Phillips, Scattering theory.
• M. E. Taylor, Partial Differential Equations vol. 2, Chapter 9.
• D. Yafaev, Mathematical Scattering Theory
• D. Yafaev, Scattering Theory: some old and new problems.
• R. B. Melrose, Geometric Scattering theory
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