
NOTES FOR CARDIFF LECTURES ON MICROLOCAL
ANALYSIS

JARED WUNSCH

Note that these lectures overlap with Alex’s to a degree, to ensure
a smooth handoff between lecturers! Our notation is mostly, but not
completely, consistent. . .

1. Principal Symbol

Recall from Alex’s lectures that it turns out that on a manifold (or
even on Rn) the symbol of an operator A ∈ Ψ∗,∗ is not well-defined,
independent of coordinates; indeed this fails even for differential opera-
tors on Rn (see exercise below). What is true, however, is that modulo
smaller terms (in terms of powers of h), the symbol is invariant: if
A ∈ Ψm,k(X) has symbol

a ∼ h−mam + h−m+1am−1 + . . .

in local coordinates, then the leading order term a−m ∈ Sk(T ∗X) is in-
deed well-defined as a smooth function on T ∗X.We write σm,k(A)(x, ξ) =
am(x, ξ).

Exercise 1. Let
P =

∑
|α|≤k

aα(x)(hDx)
α

be a semiclassical differential operator, hence an element of Ψ0,k(Rn).
What are its total (say) left-symbol and principal symbol? Show that
if y = Φ(x) are different coordinates, then the principal symbol does
indeed transform as a function on T ∗X, while the total left-symbol
σLA(x, ξ) does not, in general.

Note that since the m filtration on Ψm,k is fairly trivial (hsΨm,k(X) =
Ψm−s,k(X)) it often makes sense to omit it. So we’ll write Ψk(X) ≡
Ψ0,k(X) and use the notation h−sΨk(X) for Ψs,k(X) when needed.1 We
will just write σk(A) ∈ Sk(T ∗X) for the principal symbol ofA ∈ Ψk(X).

Date: June 26, 2017.
1Indeed, we’ll mostly just use Ψ−∞(X): operators whose symbols are rapidly

decaying in ξ. The annoying thing is just that differential operators don’t fit into
this class.
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Note that

0→ hΨk−1(X)→ Ψk(X)
σk→ Sk(T ∗X)→ 0

is an exact sequence: the principal symbol is the obstruction to an
operator being one power of h smaller (and a derivative less strong),
and every symbol is the symbol of an operator.2

The point of focusing our attention on principal symbols is that while
the map A → σLA is not a homomorphism, the principal symbol map
is a homomorphism from the noncommutative algebra Ψ(X) to the
commutative algebra C∞(T ∗X). In particular, we have

Proposition 1. σk+`(AB) = σk(A)σ`(B), σk(A
∗) = σk(A).

This just follows from taking the leading order terms in formulas for
σLAB and σLA∗ .

A subtler issue is the following: we know that AB and BA have
the same principal symbol, since smooth functions are commutative,
unlike operators! Hence for A ∈ Ψk, B ∈ Ψ`, AB−BA = hC for some
C ∈ Ψk+`−1(X). What is the principal symbol of C?

Proposition 2. σk+`−1([A,B]) =
h

i
{σk(A), σ`(B)}.

Here {•, •} denotes the Poisson bracket of two smooth functions on
T ∗X. In local coordinates on T ∗X in which ξ · dx is the “canonical
one-form” (representing where we are in the fiber of the bundle), we
have

{f, g} ≡
∑ ∂f

∂ξj

∂g

∂xj
− ∂g

∂ξj

∂f

∂xj
.

Exercise 2. Prove the above proposition based on our formula for the
total symbol of the product.

You should think about this in terms of symplectic geometry: the
two-form ∑

dξj ∧ dxj
turns out to be invariantly defined on T ∗X. For f ∈ C∞(T ∗X) (a “clas-
sical observable” i.e. a function on phase space) we let the “Hamilton
vector field” Hf be defined by the property

ιHf
ω = df

(the LHS is the contraction of the vector field with the two-form).

2Had we worked with a less strong symbol class, we would only have the improve-
ment in h in the first term of the short exact sequence, and not the improvement
in the order from k to k − 1 as well.
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Exercise 3. Check that this means

Hf =
∑ ∂f

∂ξj

∂

∂xj
− ∂f

∂xj

∂

∂xj
.

and hence that {f, g} = Hf (g) = −Hg(f).

Exercise 4. Check that the Poisson bracket satisfies the Jacobi identity,
hence makes smooth functions on T ∗X into a Lie algebra.

Exercise 5. Let p(x, ξ) =
∑
gij(x)ξiξj. Show that the projection to X

of the integral curves of the vector field Hp are geodesics for the metric
gij(x) (with gij the inverse, i.e., the induced metric on covectors rather
than vectors). Hint: you have a couple of options. One is to compute!
The other is to remember or read about the Legendre transform in
classical mechanics to relate Hamilton’s equations of motion to the
variational problem for the action functional

I(x(t)) =

∫
gij(x(t))ẋi(t)ẋj(t) dt.

The flow along Hp is very important in classical mechanics: it is
the phase space evolution of a classical particle, whose position and
momentum evolve according to Hamilton’s equations of motion. Go
read about this if it’s an unfamiliar concept, as it’s very important.
The relationship between the commutator of operators and the Poisson
bracket of symbols is one version of Bohr’s famous “correspondence
principle” in quantum mechanics.

2. Ellipticity, Microsupport

Let X be a compact manifold.
We say A ∈ Ψk(X) is elliptic at (x0, ξ0) ∈ T ∗X if σk(A)(x0, ξ0) 6= 0.
This is the measure of A being as strong an operator as possible at

this point in phase space. The complement of the set of elliptic points
is called the characteristic set of the operator and is denoted ΣA. If
A is elliptic in all of T ∗X and additionally the property is uniform as
ξ →∞ in the sense that in fact

|σk(A)| ≥ C〈ξ〉k, for all x, ξ

then we simply say it is elliptic. (If we work globally on Rn, say, we’ll
want this uniformly in x ∈ Rn, as well.)

Exercise 6. Let P = h2∆ + V − E be a semiclassical Schrödinger
operator. Where is P elliptic?
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There is a related measurement of whether A is, conversely, com-
pletely trivial at a point in phase space:

WF′(A) =
{

(x, ξ) : σLA = O(h∞) in a neighborhood of (x, ξ)
}c
.

Note that this is not obviously well defined, since σLA is coordinate
dependent; but it turns out that this property of σLA is nonetheless
independent of coordinates.

Also, crucially, composition is microlocal, meaning it doesn’t move
the essential support of operators around in phase space:

Proposition 3. WF′(AB) ⊂WF′(A) ∩WF′(B).

This follows from our formula for the symbol of the composition.
Note that the following definition is made (and used, below) only

for “tempered” families u that have a priori polynomial growth in h
as h ↓ 0. We could also allow uh in negative order Sobolev spaces, but
won’t bother with this option here.

Definition 4. Assume that uh ∈ L2
h(X) (“tempered”). Then (x, ξ) /∈

WFh uh if there exists A ∈ Ψ0(X), elliptic at (x, ξ), such that Auh =
OL2(h∞).

This is not obviously the same as the definition of WFh that Alex
gave, using the semiclassical Fourier transform. Let’s for the moment

call Alex’s earlier version W̃Fh. I claim that one direction of the inclu-
sions of these two definitions now follows from the fact that

u 7→ F−1h ψFhϕu
is in fact a pseudodifferential operator!

Exercise 7. Check that u 7→ F−1h ψFh(ϕu) ∈ Ψ−∞(Rn) and use this to

show that if (x, ξ) /∈ W̃Fhu then (x, ξ) /∈WFh u.

3. Parametrices

What’s so great about ellipticity? The nice thing about the calculus
is that elliptic operators are invertible, and indeed have inverses in the
calculus; this is one of its raisons d’être.

Theorem 5. Let P ∈ Ψk(X) be elliptic. Then there exists C > 0 and
h0 > 0 such that

‖Pu‖ ≥ C‖u‖, 0 < h < h0.

Proof. LetQ have principal symbol 1/σk(P ); note that this is in S−k(T ∗X).
Then

PQ− Id = hR, R ∈ Ψ−1(X)
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since the principal symbol of the LHS vanishes! Now by boundedness
of R, we can invert Id +hR for h < h0 by Neumann series. The same
holds for QP − Id of course.

This gives our desired estimate by the closed graph theorem or di-
rectly since for h sufficiently small,

‖u‖
2
≤ ‖(Id +hR)u‖

= ‖QPu‖
≤ C‖Pu‖.

�

Exercise 8. Check the following stronger statement: under the hy-
potheses of the theorem, there isQ ∈ Ψ0,−k(X) such that PQ−Id, QP−
Id ∈ h∞Ψ−∞(X). To do this, just check that the inverse of Id +hR you
get by Neumann series is in the calculus (at least modulo this O(h∞) er-
ror). Just note that the terms (−h)kRk can be asymptotically summed
to an operator in the calculus. Check a posteriori that knowing both
left and right (approximate) inverses exist in this sense implies that
they agree with one another.

The cool thing about ellipticity, though, is that it’s a local, and
even “microlocal” statement—it’s local in T ∗X—and so is the notion
of inverting an elliptic operator:

Proposition 6. Let P ∈ Ψk(X) be elliptic at (x0, ξ0) ∈ T ∗X. Then
there exists Q ∈ Ψ−k(X) such that

(x0, ξ0) /∈WF′(PQ− Id) ∪WF′(QP − Id).

This says that modulo trivial errors, QP and PQ equal the identity
near this one point in phase space; Q is called a “microlocal elliptic
parametrix.”

Exercise 9. Prove it. Do this by modifying P to P ′ by changing its
symbol away from (x0, ξ0) so that

• (x0, ξ0) /∈WF′(P − P ′)
• P ′ is elliptic.

Then let Q invert P ′ as in the previous exercise and show that this
does the job.

Assume below that u ∈ L2
h.

Proposition 7. Let Pu = OL2(h∞). Then WFh u ⊂ ΣP .

This is nearly tautological.
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Proposition 8. WFh Pu ⊂WF′ P ∩WFh u.

Proof. Suppose (x0, ξ0) /∈ WF′ P. Then choose A ∈ Ψ0,−∞(X) elliptic
at (x0, ξ0) with WF′A ∩WF′ P = ∅. So WF′AP = ∅, hence AP =
OL2→L2(h∞). Then

APu = O(h∞)

hence (x0, ξ0) /∈WFh Pu.
If (x0, ξ0) /∈ WFh u then there exists A elliptic at this point with

Au = O(h∞). Let B be a microlocal elliptic parametrix for A, so u =
BAu+Ru with (x0, ξ0) /∈WF′R. Then

Pu = PBAu+ PRu = PRu+O(h∞).

Now (x0, ξ0) /∈ WF′ PR hence (x0, ξ0) /∈ WFh(PRu) by the first part,
and we are done. �

Exercise 10. Use microlocal elliptic parametrices to show the equiva-

lence of WF and W̃F.

Exercise 11. On X = S1 × S1 let ∆ = D2
x +D2

y = −∂2x − ∂2y . Consider
the family of eigenfunctions

um,n(x, y) = eimxeiny

as m,n→∞.
Let h = 1/

√
m2 + n2 so we can consider um,n a solution to

(h2∆− 1)um,n = 0.

Find the semiclassical wavefront set of the following families of eigen-
functions:

(1) um,0, m→ +∞.
(2) um,m, m→ +∞.
(3) um2,m, m→ +∞.

Exercise 12. On X = S2 Consider the family of Laplace eigenfunctions

Y m
l (θ, φ)

(spherical harmonics).

Let h = 1/
√
l(l + 1) so we can consider Y m

l a solution to

(h2∆− 1)Y m
l = 0.

Find the semiclassical wavefront set of the following families of eigen-
functions:

(1) Y l
l , l→∞.

(2) Y 0
l , l→∞.
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Exercise 13. What are WFh e
iφ(x)/h (φ ∈ C∞(R)) and WFh e

−x2/heiλx/h

on R? Hint: apply hDx to both and notice they solve PDEs, which then
constrain the wavefront set to lie in the characteristic sets of operators
that annihilate them.

4. Propagation of singularities

An L2 solution to
Puh = O(h∞)

must have its wavefront set contained in ΣP , the characteristic set. In
the case when

P = h2∆ + V − E
this is the set |ξ|2g + V − E = 0, i.e., the “energy shell.”

One wonders: are there other constraints on the wavefront set? (Cf.
the exercises above.)

Theorem 9. Suppose P ∈ Ψk(X) has real principal symbol p, and that
u ∈ L2

h and
Pu = O(h∞).

Then WFh u is invariant under the flow along Hp, the Hamilton vector
field of p.

More generally, if Pu = f then WFh u\WFh f is invariant under
the Hp-flow.

The student should see what this means in the wavefront examples
previously computed!

Exercise 14. What can you say about the wavefront set of solutions
of the time dependent semiclassical Schrödinger equation with real po-
tential

(hDt + h2∆ + V (x))ψh = 0?

What do you get in the particular case of the harmonic oscillator (V =
|x|2 on Rn)?

In proving the theorem it is convenient to introduce an auxiliary
object that refines the wavefront set in that it measures a more precise
rate of decay than O(h∞) :

Definition 10. Let (x0, ξ0) ∈ T ∗X. We say

(x0, ξ0) /∈WFs uh

if there exists A ∈ Ψ(X), elliptic at (x0, ξ0), such that

Au = O(hs).
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Proposition 11. WFuh =
⋃
s∈R

WFs uh.

Exercise 15. Prove this.

Proposition 12. Let A ∈ Ψ0(X). Then WF′A ∩WFsh uh = ∅ =⇒
Au = OL2(hs).

Exercise 16. This one too!

We now turn to the proof of the theorem. The hypotheses imply
that P − P ∗ = O(h) so let’s in fact just assume P = P ∗ for simplicity,
with the general case an optional exercise.3 Let’s assume Pu = O(h∞)
globally; the only changes to be made in the general case are to shrink
the intervals on which we’re dealing with the flow to stay away from
WFPuh. And WLOG, let’s take ‖u‖L2 ≤ C (multiply the equation by
a power of h).

Note that it suffices to show the following: if (x0, ξ0) /∈ WFuh then
exp(sHp)(x0, ξ0) /∈ WFuh for |s| ≤ 1. If Hp vanishes at (x0, ξ0) then
there is nothing to prove, so we may assume without loss of generality
that H is nonvanishing in some open set containing (x0, ξ0). Then of
course we may as well choose coordinates z ∈ R2n for T ∗X near (x0, ξ0)
so that H = ∂1 ≡ ∂z1 in these coordinates; let z′ denote the remaining
coordinates. We may further assume that (x0, ξ0) is at z = 0.

Now by Proposition 3, whenever B ∈ Ψ(X) has WF′B within a fixed
neighborhood U0 of z = 0 then Bu = O(h∞). We wish to show the
same on the whole curve |z1| ≤ 1, z′ = 0. We’ll in fact do z1 ∈ [0, 1] for
now, with [−1, 0] being an exercise for the reader (same proof, switched
signs). Moreover, we’ll work inductively: we will show that there is a
fixed open neighborhood V of

γ ≡ {z1 ∈ [0, 1], z′ = 0}

such that V ∩WFk/2 uh = ∅ for all k ∈ N. Since uh ∈ L2, we have
WF0 uh = ∅, so we certainly have a base case for our induction.

Now let A ∈ Ψ(X) have principal symbol a with the following prop-
erties:

• a is supported in a small neighborhood U of γ such that U ∩
WFk uh = ∅ (we are using our inductive hypothesis, of course).
• ∂z1(a) = b2 − c2 where b is supported in U0 defined above.
• b+ c is strictly positive on a subneighborhood U ′ ⊃ V ⊃ γ.

3Hint for this: replace [P,A] in the “commutator argument” below with P ∗A−
AP.
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χ(z1)ψ0
ψ1

Figure 1. We arrange that χ′ = ψ0 − ψ1. Then a =
χ(z1)γ(z′) while b =

√
ψ0γ(z′), c =

√
ψ1γ(z′).

How to do this? Use any cutoff function γ(z′) times a cutoff function
χ(z1) that “turns on” quickly near z1 = 0 and then decreases to zero
slowly in the rest of the interval [0, 1 + ε] : Now let A have symbol a;
without loss of generality A is self-adjoint, as (A+A∗)/2 has the same
symbol (a was chosen to be real). Likewise, let B have symbol b and
C have symbol c; let both be self-adjoint.

We have by Proposition 2

[P,A] =
h

i
(B∗ − C2 + hR)

for some operator R ∈ Ψ−1(X) with WF′R ⊂ U.
Now note that on the one hand,4

〈[P,A]u, u〉 = 2i Im 〈Pu,Au〉 = O(h∞).

On the other hand, the LHS is

h

i

(
‖Bu‖2 − ‖Cu‖2 + h〈Ru, u〉

)
,

so we obtain

‖Cu‖2 ≤ ‖Bu‖2 + h|〈Ru, u〉|+O(h∞).

Consequently, adding ‖Bu‖2 to both sides and using Cauchy-Schwarz,

‖(B + C)u‖2 . ‖Bu‖2 + h|〈Ru, u〉|.
Recall that by our wavefront set hypothesis ((x0, ξ0) /∈ WFu) we

arranged that ‖Bu‖ = O(h∞). We now turn to the second term on the
RHS: Let Λ ∈ Ψ0(X) be an operator elliptic on WF′R with WF′ Λ ∩

4Obviously this part could be modified if the assumptions on Pu are subtler;
we might have a term here that we’d want to absorb in a positive term later using
Cauchy-Schwarz.
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WFk/2 u = ∅; let Λ− a microlocal elliptic parametrix for it on WF′R.
Then we may also estimate

|〈Ru, u〉| =
∣∣〈ΛRu,Λ∗−u〉∣∣+O(h∞);

by Cauchy-Schwarz and our inductive hypothesis, the RHS is O(hk).
Therefore, ‖(B + Cu‖ = O(h(k+1)/2). This shows that

V ∩WF(k+1)/2 u = ∅,

which completes the inductive step. �

5. Functional calculus and Weyl’s law

One of the great virtues of the semiclassical calculus is its interaction
with the functional calculus for self-adjoint operators. If P is a self-
adjoint operator on L2(X) then by the spectral theorem, we can make
sense of f(P ) for f ∈ L∞(R). One might hope that if P ∈ Ψ(X) and f
is a really nice function, this should continue to be the case, and this
is so:

Theorem 13. Let P ∈ Ψk(X) with P ∗ = P and assume that P + i is
elliptic. Let f ∈ S(R). Then f(P ) ∈ Ψ−∞(X) and has principal symbol
f(σk(P ))

That this is pretty useful is demonstrated by the following example.
Let P = h2∆g on (X, g) a Riemannian manifold. Let χ(λ) be a cutoff
function equal to 1 on |λ| < 1− ε and 0 on |λ| > 1 + ε. Then χ(h2∆) ∈
Ψ−∞(X) is an approximation to the spectral projection for ∆ on the
interval [0, 1/h2]. On the other hand, we know it can be written as a
pseudodifferential operator, i.e., in local coordinates,

(2πh)−n
∫
a(x, ξ;h)ei(x−y)ξ/h dξ

with a ∼ χ(|ξ|2g), hence its trace is given by the integral of its Schwartz

kernel over the diagonal, which yields5

Trχ(h2∆) ∼ (2πh)−n
∫
T ∗X

χ(|ξ|2) dxdξ.

We’re cheating a little in writing this integral in this global form right
off the bat; note though that the volume element on T ∗X is well-defined
as the top exterior power of the symplectic form.

5Pretending that the local coordinate representation we’ve given in fact makes
sense globally on X!
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Now on the other hand, if λ2j are the eigenvalues of ∆, we have

Trχ(h2∆) =
∑

χ(h2λ2j),

so we have learned∑
χ(h2λ2j) ∼ (2πh)−n

∫
T ∗X

χ(|ξ|2) dxdξ.

If χ were the indicator function of [−1, 1] setting h = λ−1 would yield
exactly Weyl’s law:

#{λj ≤ λ} ∼ (2π)−nλn Vol({|ξ|g < 1}).
Of course, we can’t make sense of this directly, since the indicator
function of an interval is not in the class of symbols of pseudodifferential
operators, but:

Exercise 17. Soup up the above argument to actually prove Weyl’s law,
by approximating the indicator function above and below by smooth
cutoffs.


